GEOMETRY
OFTHE
CIRCLE

Early geometers in many parts of the world knew
that, for all circles, the ratio of the circumference of a

circle to its diameter was a constant. Today, we write

g = m, but early geometers did not use the symbol 7

to represent this constant. Euclid established that the
ratio of the area of a circle to the square of its diame-
ter was also a constant, that is,% = k. How do these
constants, 77 and k, relate to one another?
Archimedes (287-212 B.C.) proposed that the area
of a circle was equal to the area of a right triangle
whose legs have lengths equal to the radius, r, and the
circumference, C, of a circle. Thus A = %rC. He used
indirect proof and the areas of inscribed and circum-
scribed polygons to prove his conjecture and to prove
that 3%’ <7< 3%. Since this inequality can be writ-
ten as 3.140845 ... < 7 < 3.142857 ..., Archimedes’
approximation was correct to two decimal places.
Use Archimedes’ formula for the area of a circle
and the facts that % = and d = 2r to show that

A = 7 and that 4k = 7.
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536 Geometry of the Circle

13-1 ARCS AND ANGLES

Theorem 13.1

In Chapter 11, we defined a sphere and found that the intersection of a plane
and a sphere was a circle. In this chapter, we will prove some important rela-
tionships involving the measures of angles and line segments associated with cir-
cles. Recall the definition of a circle.

DEFINITION
A circle is the set of all points in a plane that are equidistant from a fixed point
of the plane called the center of the circle.

If the center of a circle is point O, the circle is called B
circle O, written in symbols as ©O.

A radius of a circle (plural, radii) is a line segment
from the center of the circle to any point of the circle. The
term radius is used to mean both the line segment and the
length of the line segment. If A, B, and C are points of cir-
cle O, then OA, OB, and OC are radii of the circle. Since C
the definition of a circle states that all points of the circle are equidistant from
its center, OA = OB = OC.Thus,OA = OB = OC because equal line segments
are congruent. We can state what we have just proved as a theorem.

All radii of the same circle are congruent.

A circle separates a plane into three sets of points. If we let the length of the
radius of circle O be r, then: c

e Point C is on the circle if OC = r.
e Point D is outside the circle if OD > r.

e Point £ is inside the circle if OF <'r. .D
The interior of a circle is the set of all points whose distance from the cen-
ter of the circle is less than the length of the radius of the circle.
The exterior of a circle is the set of all points whose distance from the cen-
ter of the circle is greater than the length of the radius of the circle.

Central Angles

Recall that an angle is the union of two rays having a common endpoint and
that the common endpoint is called the vertex of the angle.

DEFINITION
A central angle of a circle is an angle whose vertex is the center of the circle.
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because the vertex of each angle is point O, the center of

M
the circle. ‘v).

R

In the diagram, 2 LOM and ZMOR are central angles L ‘

Types of Arcs

An arc of a circle is the part of the circle between two points on the circle. In the
diagram, A, B, C, and D are points on circle O and £ZAOB intersects the circle
at two distinct points, A and B, separating the circle into two arcs.

B B
C
B C C
D D D
A
Minor arc (AB) Major arc (ACB)

1. f m£ AOB < 180, points A and B and the points of the circle in the inte-
rior of ZAOB make up minor arc AB, written as AB.

2. Points A and B and the points of the circle not in the interior of ZAOB
make up major arc AB. A major arc is usually named by three points:
the two endpoints and any other point on the major arc. Thus, the

major arc with endpoints A and B is written as ACB or ADB.
3. f m£AOC = 180, points A and C separate circle O into two equal parts,

each of which is called a semicircle. In the diagram above, ADC and ABC
name two different semicircles.

Degree Measure of an Arc

An arc of a circle is called an intercepted arc, or an arc intercepted by an angle,
if each endpoint of the arc is on a different ray of the angle and the other points
of the arc are in the interior of the angle.

DEFINITION
The degree measure of an arc is equal to the measure of the central angle that
intercepts the arc.
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F In circle O, LGOE is a stralght angle, mZ GOE = 180, and mZ FOG = 80.
8 Therefore the degree measure of F °G s 80°, written as mF "G = 80. Also, since
G E mGFE = 180,
v mFE = 180 — 80 mFEG = 100 + 180
and
=100 = 280
Therefore,

mGF + mFEG = 80 + 280
~ 360

1. The degree measure of a semicircle is 180. Thus:

2. The degree measure of a major arc is equal to 360 minus the degree mea-
sure of the minor arc having the same endpoints.

Do not confuse the degree mea- A’
sure of an arc with the length of an A
arc. The degree measure of every cir-
cle is 360 but the circumference of a
circle is 27r times the radius of the cir-
cle. Example: in circle O, OA = 1 cm,
and in circle O', O'A’ = 1.5 cm. In
both circles, the degree measure of the circle is 360° but the circumference of
circle O is 27 centimeters, and the circumference of circle O’ is 37 centimeters.

Congruent Circles, Congruent Arcs,
and Arc Addition

DEFINITION
Congruent circles are circles with congruent radii.

If OC = O'C’, then circles O’ and O are congruent.

C C’

DEFINITION
Congruent arcs are arcs of the same circle or of congruent circles that are equal
in measure.
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If OO0 = OO0 and mCD = mé—B’ = 60, then CD = C/’B’. However, if circle
O is not congruent to circle O”, then CD is not congruent to C"D" even if CD

and C"D" have the same degree measure.

60°
C” DN
D w
60° S
c 60
D/
Postulate 13.1 Arc Addition Postulate

If AB and BC are two arcs of the same circle havmg a common end-
pomt and no other pomts in common, then AB + BC = ABC and
mAB + mBC = mABC

The arc that is the sum of two arcs may be a minor arc, a major arc, or semi-
c1rcle For example A, B, C,and D are points of circle O, mAB = 90, mBC = 40,
and OB and OD are opposite rays.

1. Minor arc: AB + BC = AC 40° B
. . . c )
Also,mAC = mAB + mBC 90
=90 + 40
=130 D 4

2. Major arc: AB + BCD = ABD

Also, mABB = mAB + mBEB
=90 + 180 D
=270

3. Semicircle: Since OB and OD are opposite rays, £BODisa stralght angle.
Thus, BC+CD = BCD a semicircle. Also, mBC + mCD = mBCD = 180.
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Theorem 13.2a

Given

Prove

Proof

Theorem 13.2b

Theorem 13.2

EXAMPLE |

Solution

In a circle or in congruent circles, if central angles are congruent, then their
intercepted arcs are congruent

Circle O = circle O', LZAOB = £ COD, B B’

and LAOB = /A'O'B’. ‘ ‘
. S A\ A'f_ A\

AB=CDand AB= A'B.. A=

N

It is given that LZAOB = £ COD and D

/L AOB = / A’O'B’'. Therefore,

m/ZAOB = m/ZCOD = m£ZA'O’B’ because congruent angles have equal
measures. Then since the degree measure of an arc is equal to the degree mea-
sure of the central angle that intercepts that arc, mAB = mCD = mA'B'. It is
also given that circle O and circle O’ are congruent circles. Congruent arcs are
defined as arcs of the same circle or of congruent circles that are equal in mea-
sure. Therefore, since their measures are equal, AB=CDand AB= A'B.

J

The converse of this theorem can be proved by using the same definitions
and postulates.

In a circle or in congruent circles, central angles are congruent if their inter-
cepted arcs are congruent.

Theorems 13.2a and 13.2b can be written as a biconditional.

In a circle or in congruent circles, central angles are congruent if and only if
their intercepted arcs are congruent.

Let OA and OB be opposite rays and mZAOC = 75. Find: A4
a.m/BOC b.mAC emBC d.mAB e mBAC 750 C
o

a.m/BOC = m/ AOB — m/ AOC
=180 — 75 D
= 105 B
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b. mAC = m£AOC =75

¢. mBC = mzBOC = 105

d. mAB = m£AOB = 180

e. mB/A\C = mB/D_Z + mAC or mB//;E =360 — mBC

=180 + 75 = 360 — 105
= 255 = 255
Answers a.105 b.75 ¢ 105 d.180 e.255 _

Exercises
Writing About Mathematics

1. Kay said that if two lines intersect at the center of a circle, then they intercept two pairs of
congruent arcs. Do you agree with Kay? Justify your answer.

2. Four points on a circle separate the circle into four congruent arcs: /ﬁ?, BC , CB, and DA.Is
> <>
it true that AC L BD? Justify your answer.

Developing Skills
In 3-7, find the measure of the central angle that intercepts an arc with the given degree measure.

3.35 4. 48 5.90 6. 140 7. 180

In 8-12, find the measure of the arc intercepted by a central angle with the given measure.
8. 60 9. 75 10. 100 11. 120 12. 170

In 13-22, the endpoints of AOC are on circle O, mZAOB = 89, and mZCOD = 42. Find each
measure.

13. m/ZBOC 14. mAB
15. mBC 16. m2/DOA
17. mDA 18. m2BOD
19. mBCD 20. mDAB

21. mZAOC 22. mADC



542
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In 23-32, P, O, S, and R are points on circle O,m/Z POQ = 100,m2QO0OS = 110,and mZSOR = 35.
Find each measure.

23.
25.
27.
29.
31.

m@ 24. mQAS
mSR 26. m/ROP
mRP 28. mP/Q\S
m/ QOR 30. mOSR
mSRP 32. mRPQ

Applying Skills

33.

34.

35.
36.

A

Given: Circle O with AB = CD. A\ B

Prove: NAOB = ANCOD ‘
D~—¢

Given: AB and CD intersect at O, and the endpoints of ABand CD A

are on circle O. /“ D
Prove: AC = BD c ‘V/

In circle O, AOB 1 COD. Find mAC and mA/D\C.

Points A, B, C, and D lie on circle O, and AC L BD at O. Prove that quadrilateral ABCD is
a square.

Hands-On Activity

software.

For this activity, you may use compass, protractor, and straightedge, or geometry

1.
2.

3.

Draw circle O with a radius of 2 inches and circle O with a radius of 3 inches.

Draw points A and B on the circle O so that mAB = 60 and points A’ and B’ on circle O’
so that mA'B’ = 60.

Show that AAOB ~ AA'O'B’.
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13-2 ARCS AND CHORDS

DEFINITION
A chord of a circle is a line segment whose endpoints are points of the circle.

A diameter of a circle is a chord that has the center of the circle as one of its
points.

In the diagram, AB and AOC are chords of circle O.
Since O is a point of AOC, AOC is a diameter. Since OA n

and OC are the lengths of the radius of circle O, OA = OC C A

and O is the midpoint of AOC. '”
If the length of the radius of circle O is r, and the 5

length of the diameter is d, then

d = AOC
= 0A + OC
=r+r
=2r
That is:

d=2r

The endpoints of a chord are points on a circle and,
therefore, determine two arcs of a circle, a minor arc and

A
a ma]or arc. In the dlagram chord AB, central ~AOB,
minor AB and major AB are all determined by points A \
and B. We proved in the previous section that in a circle, ) B

congruent central angles intercept congruent arcs. Now
we can prove that in a circle, congruent central angles
have congruent chords and that congruent arcs have
congruent chords.

Theorem 13.3a | In a circle or in congruent circles, congruent central angles have congruent
chords.

Given OO = O0' and A A’ B’

/COD = /AOB= /A'O'B' ‘s B \ /
cv

V
Prove CD = AB= A'B’
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Proof We will show that A A__ B
ACOD = NAOB = AA’O'B’ by SAS. ‘? B ?
. C V
It is given that LZAOB = £ COD and \"
/L AOB = / A’'O'B’. Therefore,
LAOB = £COD = LA'O'B’ by the D

Theorem 13.3b

Given
Prove

Strategy

Theorem 13.3

Theorem 13.4a

Given

Prove

the radii of congruent circles, these segments are all congruent:

DO =CO= A0 = BO = A0 = BO'

Therefore, by SAS, ACOD = AAOB = AA'O'B’. Since corresponding parts
of congruent triangles are congruent, CD = AB = A'B’. |

The converse of this theorem is also true.

In a circle or in congruent circles, congruent chords have congruent central
angles.

’

©O = ©0' and CD = AB = A'B’ A
/COD = /AOB= /A'O'B' ) “ D A\\ B’
This theorem can be proved in a manner \’

similar to Theorem 13.3a: prove that B
ACOD = ANAOB = ANA'O'B’ by SSS.

The proof of Theorem 13.3b is left to the student. (See exercise 23.)
Theorems 13.3a and 13.3b can be stated as a biconditional.

In a circle or in congruent circles, two chords are congruent if and only if
their central angles are congruent.

Since central angles and their intercepted arcs have equal degree measures,
we can also prove the following theorems.

In a circle or in congruent circles, congruent arcs have congruent chords.

B B’
QOEQO’andCADE@Eﬁ’ C

A A’
CD=AB= A'B



Proof

Theorem 13.4b

Given

Prove

Strategy

Theorem 13.4

EXAMPLE |

Solution
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First draw line segments from O to A, B, C, D, A’, and B'. Congruent arcs
have congruent central angles. Therefore, / COD = L/ AOB = £/ A'O'B’.In a
circle or in congruent circles, two chords are congruent if and only if their

central angles are congruent. Therefore, CD= AB= A'B. _

The converse of this theorem is also true.

In a circle or in congruent circles, congruent chords have congruent arcs.

©0 =0 andCD = AB= A'B’ B B’
C/b = 1@ = 14/,§, C A A
First draw line segments from O to D

A,B,C,D,A" and B'.

Prove ACOD = AAOB = AA'O’'B’ by SSS. Then use congruent central
angles to prove congruent arcs.

The proof of Theorem 13.4b is left to the student. (See exercise 24.)
Theorems 13.4a and 13.4b can be stated as a biconditional.

In a circle or in congruent circles, two chords are congruent if and only if
their arcs are congruent.

In circle O, mAB = 35, m/£BOC = 110, and AOD is a diameter. A 350
a. Find mBC and mCD. ' B
b. Explain why AB = CD.
a. méz‘ = m£BOC mC?) = 180 — mAB — méa A
= 110 = 180 — 35 — 110 b ¢
=35

b. In a circle, arcs with equal measure are congruent. Therefore, since
mAB = 35 and mCD = 35, AB=CD.Ina circle, chords are congruent if
their arcs are congruent. Therefore, AB = CD and AB = CD.
-
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Theorem 13.5

Given Diameter COD of circle O, chord E, and AB L CD at E.

Prove AE = ﬁ,Af(\? = [32‘, and AD = BD.

Proof

Chords Equidistant from the Center of a Circle

We defined the distance from a point to a line as the length of the perpendicu-
lar from the point to the line. The perpendicular is the shortest line segment that
can be drawn from a point to a line. These facts can be used to prove the fol-
lowing theorem.

A diameter perpendicular to a chord bisects the chord and its arcs.

Statements

. Draw OA and OB.

2.AB L CD
3. LAEO and £BEO are right

10.

11.

12.

angles.

.OA = OB
.OF = OE
. NAAOE = ABOE
. AE = BE

. LAOE = L/ BOE

. AC = BC

£ AOD is the supplement of
LAOE.
£ BOD is the supplement of
/BOE.

LAOD = £ BOD

Afl\)EBfl\)

1.
2.
3.

SN & A

10.

11.

12.

C

AL AEN B

Reasons
Two points determine a line.
Given.

Perpendicular lines intersect to
form right angles.

. Radii of a circle are congruent.

. Reflexive property of congruence.

. HL.

. Corresponding parts of congruent

triangles are congruent.

. Corresponding parts of congruent

triangles are congruent.

. In a circle, congruent central

angles have congruent arcs.

If two angles form a linear pair,
then they are supplementary.

Supplements of congruent angles
are congruent.

In a circle, congruent central
angles have congruent arcs. |



Corollary 13.5a

Theorem 13.6

Given

Prove

Proof

Theorem 13.7a

Given
Prove

Proof
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Since a diameter is a segment of a line, the following corollary is also true:

A line through the center of a circle that is perpendicular to a chord bisects
the chord and its arcs.

. . . . C
An apothem of a circle is a perpendicular line segment TEN
from the center of a circle to the midpoint of a chord. The A - B
term apothem also refers to the length of the segment. In the
diagram, E is the midpoint of chord AB in circle O,
AB 1 CD,and OFE, or OFE, is the apothem.
D

The perpendicular bisector of the chord of a circle contains the center of the
circle.

Circle O, and chord AB with midpoint M and perpendicular

bisector k. M B
Point O is a point on k. o
In the diagram, M is the midpoint of chord AB in circle O. k

Then, AM = MB and AO = OB (since these are radii). Points O and M are
each equidistant from the endpoints of AB.Two points that are each equidis-
tant from the endpoints of a line segment determine the perpendicular bisec-
tor of the line segment. Therefore, OM is the perpendicular bisector of AB.
Through a point on a line there is only one perpendicular line. Thus, é_l\)l and
k are the same line, and O is on k, the perpendicular bisector of AB. |

If two chords of a circle are congruent, then they are equidistant from the
center of the circle.

- - A
Circle O with AB = CD,OE 1 AB,and OF L CD. ~ 2\ B

OE = OF *
LW-—7D

A line through the center of a circle that is perpendicular to a C S
chord bisects the chord and its arcs. Therefore, OE and OF bisect the congru-
ent chords AB and CD. Since halves of congruent segments are congruent,
EB = FD.Draw OB and OD. Since OB and OD are radii of the same circle,
OB = OD. Therefore, AOBE = AODF by HL, and OFE = OF. _
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Theorem 13.7b

Given Circle O with OE 1 AB,OF 1 CD,and OE = OF.
Prove AB = CD

Proof Draw OB and OD. Since OB and OD are radii of the same

Theorem 13.7

The converse of this theorem is also true.

If two chords of a circle are equidistant from the center of the circle, then the
chords are congruent.

circle, OB = OD. Therefore, AOBE = AODF by HL, and

EB = FD. A line through the center of a circle that is perpendicular to a
chord bisects the chord. Thus, AE = EB and CF = FD. Since doubles of con-
gruent segments are congruent, AB = CD. |

We can state theorems 13.7a and 13.7b as a biconditional.

Two chords are equidistant from the center of a circle if and only if the
chords are congruent.

What if two chords are not equidistant from the center of a circle? Which is
the longer chord? We know that a diameter contains the center of the circle and
is the longest chord of the circle. This suggests that the shorter chord is farther
from the center of the circle.

(1) Let AB and CD be two chords of circle O and A
AB < CD. B
=

(2) Draw OE 1 AB and OF L CD.

Cc D
(3) A line through the center of a circle that is per- v
pendicular to the chord bisects the chord.
Therefore, %AB = EB and %CD = FD.

(4) The distance from a point to a line is the length of the perpendicular
from the point to the line. Therefore, OF is the distance from the center
of th_e circle to AB, and OF is the distance from the center of the circle
to CD.

Recall that the squares of equal quantities are equal, that the positive square roots
of equal quantities are equal, and that when an inequality is multiplied by a neg-
ative number, the inequality is reversed.
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(5) Since AB < CD:
AB < CD
laB <icp
EB < FD
EB? < FD?
—EB> > —FD?

(6) Since AOBE and AODF are right triangles and OB = OD:
OB* = OD?
OE? + EB* = OF? + FD?
(7) When equal quantities are added to both sides of an inequality, the order

of the inequality remains the same. Therefore, adding the equal quantities
from step 6 to the inequality in step 5 gives:

OFE? + EB> — EB> > OF* + FD?> — FD?
OE?* > OF?
OE > OF

Therefore, the shorter chord is farther from the center of the circle. We have
just proved the following theorem:

Theorem 13.8 | In a circle, if the lengths of two chords are unequal, then the shorter chord is
farther from the center.

EXAMPLE 2
In circle O, mAB = 90 and OA = 6.
a. Prove that AAOB is a right triangle. - 90°
b. Find AB.
¢. Find OC, the apothem to AB. °
(@) B

Solution a.If mAB = 90, then mZ AOB = 90
because the measure of an arc is equal to
the measure of the central angle that
intercepts the arc. Since ZAOB is a right
angle, AAOB is a right triangle.
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b. Use the Pythagorean Theorem for right AAOB. Since OA and OB are
radii, OB = OA = 6.

}o AB? = OA* + OB?
/N B AB = & + 6

AB?= 36 + 36
ABZ= 72

AB =V72 =V36V2 = 62

c. Since OC is the apothem to AB,OC 1 AB and bisects AB. Therefore,
AC = 3\V/2.1n right AOCA,
OC* + AC*? =0A?
oc’ + (3V2)' = ¢
oc? + 18 = 36
0C? =18

oc = V18 = Vov2 = 3\2 o

Note: In the example, since AAOB is an isosceles right triangle, mZ AOB is 45.
Therefore AAOC is also an isosceles right triangle and OC = AC.

Polygons Inscribed in a Circle

If all of the vertices of a polygon are points of a circle, then the polygon is said
to be inscribed in the circle. We can also say that the circle is circumscribed
about the polygon.

In the diagram: A
1. Polygon ABCD is inscribed in circle O.
2. Circle O is circumscribed about polygon
ABCD. D N\

In an earlier chapter we proved that the perpen-
dicular bisectors of the sides of a triangle meet at a
point and that that point is equidistant from the ver-

tices of the triangle. In the diagram, <P—)L, ﬁ/[ ,and P7V
are the perpendicular bisectors of the sides of AABC.
Every point on the perpendicular bisectors of a line
segment is equidistant from the endpoints of the line
segment. Therefore, PA = PB = PC and A, B,and C
are points on a circle with center at P, that is, any tri-
angle can be inscribed in a circle.
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EXAMPLE 3

Prove that any rectangle can be inscribed in a circle.

Proof Let ABCD be any rectangle. The diagonals of a rectangle

are congruent, so AC = BD and AC = BD. Since a rec- D E C
tangle is a parallelogram, the diagonals of a rectangle
bisect each other. If AC and BD intersect at E, then A B

%AC = AE = ECand % BD = BE = ED. Halves of equal

quantities are equal. Therefore, AE = EC = BE = ED and the vertices of

the rectangle are equidistant from E. Let E be the center of a circle with
radius AE. The vertices of ABCD are on the circle and ABCD is inscribed

in the circle. _

Exercises

Writing About Mathematics

1. Daniela said that if a chord is 3 inches from the center of a circle that has a radius of 5
inches, then a 3-4-5 right triangle is formed by the chord, its apothem, and a radius.
Additionally, the length of the chord is 4 inches. Do you agree with Daniela? Explain why
or why not.

2. Two angles that have the same measure are always congruent. Are two arcs that have the
same measure always congruent? Explain why or why not.

Developing Skills
In 3-7, find the length of the radius of a circle whose diameter has the given measure.

3.6in. 4.9 cm 5.3 ft 6. 24 mm 7. V24 cm

In 8-12, find the length of the diameter of a circle whose radius has the given measure.

8. 5 in. 9. 12 ft 10. 7 cm 11. 62 mm 12. V5 yd

13. In circle O, AOB is a diameter, AB = 3x + 13,and AO = 2x + 5. Find the length of the
radius and of the diameter of the circle.

In 14-21, DCOE is a diameter of circle O, AB is a chord of the circle,and OD 1 AB at C.
14. If AB = 8 and OC = 3, find OB. 15. If AB = 48 and OC = 7, find OB.
16. If OC = 20 and OB = 25, find AB. 17. If OC = 12 and OB = 18, find AB.
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18.
20.

22,

Geometry of the Circle

If AB = 18 and OB = 15, find OC. 19. If AB = 20 and OB = 15, find OC.

If mZAOB = 90,and AB = 30\6, find 21. If mZ AOB = 60,and AB = 30, find
OB and DE. OB and OC.

In circle O, chord LM is 3 centimeters from the center and chord RS is 5 centimeters from

the center. Which is the longer chord?

Applying Skills

23.

24.

25.

26.

27.

Prove Theorem 13.3b, “In a circle or in congruent circles, congruent chords have congruent
central angles.”

Prove Theorem 13.4b, “In a circle or in congruent circles, congruent chords have congruent
arcs.”

Diameter AOB of circle O intersects chord CD at E and bisects CD at B. Prove that AOB
bisects chord CD and is perpendicular to chord CD.

The radius of a spherical ball is 13 centimeters. A piece that has a plane surface is cut off of
the ball at a distance of 12 centimeters from the center of the ball. What is the radius of the
circular faces of the cut pieces?

Triangle ABC is inscribed in circle O. The distance from the center of the circle to AB is
greater than the distance from the center of the circle to BC, and the distance from the cen-
ter of the circle to BC is greater than the distance from the center of the circle to AC.
Which is the largest angle of AABC? Justify your answer.

13-3 INSCRIBED ANGLES AND THEIR MEASURES

B In the diagram, ZABC is an angle formed by two chords that have a common
endpoint on the circle.

DEFINITION
An inscribed angle of a circle is an angle whose vertex is on the circle and whose
sides contain chords of the circle.

We can use the fact that the measure of a central angle is equal to the mea-
sure of its arc to find the relationship between £ ABC and the measure of its arc,

—

AC.
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[ZXSH] One of the sides of the inscribed angle contains a diameter of the circle.

B Consider first an inscribed angle, ZABC, with BC a diameter of circle O.
Draw OA. Then AAOB is an isosceles triangle and mZ OAB = mZOBA = x.
Angle AOC is an exterior angle and mZAOC = x + x = 2x. Since LAOC is a
A central angle, mZ AOC = mAC = 2x.Therefore, m/ABC = x = %mAC .
2x¢ We have shown that when one of the sides of an inscribed angle contains a

diameter of the circle, the measure of the inscribed angle is equal to one-half the
measure of its intercepted arc. Is this true for angles whose sides do not contain
the center of the circle?

B [X5F] The center of the circle is in the interior of the angle.

Let ZABC be an inscribed angle in which the center of the circle is in the
interior of the angle. Draw BOD, a diameter of the circle. Then:

A C m/ABD = %mA/b and mZDBC = %mlja
D Therefore:
m/ZABC = mZABD + m/ZDBC
= %mAfb + %mD/E‘
= %(mA/B + mlja)
_ ImAC
[X53E] The center of the circle is not in the interior of the angle.
Let ZABC be an inscribed angle in which the center of the circle is not in

B the interior of the angle. Draw BOD, a diameter of the circle. Then:
4 m/ZABD = %mAfl\) and m/DBC = %mD/E
Therefore:
¢ D m/ZABC = mZ ABD — m/ DBC

%mAfb - %mD/E‘
%(mA/B - mD/Z’)
_ ImAC
These three possible positions of the sides of the circle with respect to the
center the circle prove the following theorem:

Theorem 13.9 | The measure of an inscribed angle of a circle is equal to one-half the mea-
sure of its intercepted arc.

There are two statements that can be derived from this theorem.
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Corollary 13.92 | An angle inscribed in a semicircle is a right angle.

Proof: In the diagram, AOC is a dlameter of c1rcle O, and B

£ ABC is inscribed in semicircle ABC Also ADC s a A\
A C

semicircle whose degree measure is 180°. Therefore, v
. 1 —
m/ABC = 3mADC D
= 1(180)
=90 1

Since any triangle can be inscribed in a circle, the hypotenuse of a triangle
can be the diameter of a circle with the midpoint of the hypotenuse the center
of the circle.

Corollary 13.9b | If two inscribed angles of a circle intercept the same arc, then they are
congruent.

Proof: In the diagram, ZABC and £ADC are
1nscr1bed angles and each angle 1ntercepts D
AC. Therefore, mZABC = ZmAC and

m/ADC = %m@. Since ZABC and ZADC A
have equal measures, they are congruent.

EXAMPLE

Triangle ABC is inscribed in circle O, m~ B = 70, and mBC = 100. Find:
a.mAC b.m/A e¢ms/C d.mAB B

100°
Solution  a. If the measure of an inscribed angle is one-half \
the measure of its intercepted arc, then the mea- c
sure of the intercepted arc is twice the measure l
of the inscribed angle. A
msB = %mA/@
2ms/B = mAC
2(70) = mAC
140 = mAC



b. m/ZA = %mli?
= 3(100)
50

d. mAfB =2m/C
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c. mzZC =180 — (m£LA + m£B)

= 180 — (50 + 70)

=180 — 120

= 60

= 2(60)
=120
Answers a. 140° b.50° ¢.60° d.120° |
SUMMARY
Type of Angle Degree Measure Example
Central Angle The measure of a central angle is equal B
to the measure of its intercepted arc.
A
mZ1 = mAB
Inscribed Angle | The measure of an inscribed angle is B
equal to one-half the measure of its A
intercepted arc.
msl = %m@

Exercises
Writing About Mathematics

1. Explain how you could use Corollary 13.9a to construct a right triangle with two given line
segments as the hypotenuse and one leg.
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2. In circle O, £ZABC is an inscribed angle and mAC = 50. In circle O’, ZPQR is an inscribed
angle and mPR = 50.1s LZABC = £ PQR if the circles are not congruent circles? Justify
your answer.

Developing Skills
In 3-7, B is a point on circle O not on AC ,an arc of circle O. Find mZ ABC for each given mAC.

3. 88 4.72 5.170 6. 200 7. 280

In 8-12, B is a point on circle O not on AC ,an arc of circle O. Find mAC for each given mZ ABC.
8. 12 9. 45 10. 60 11. 95 12. 125

13. Triangle ABC is inscribed in a circle, mZ A = 80 and
mAC = 88. Find: 88°

— — — 800
a. mBC b.m/B c.mzsC d. mAB e. mBAC
',
D

14. Triangle DEF is inscribed in a circle, DE = EF, and mEF = 100.

E
Find:
— — 100°
a.mzD b. mDE c.msF d.msFE e. mDF
F
In 15-17, chords AC and BD intersect at E in circle O.
15. If m/ B = 42 and mZAEB = 104, find: A B
a.m/ZA b. mBC c. mAD d.mzD e.m/C
16. If AB || DC and m/B = 40, find: D ¢
a.mzZD b. mAD ¢. mBC d.mZA e m/DEC

17. If mAD = 100, mAB = 110, and mBC = 96, find:
a. ml)/é b.m/ZA c.m/ZB d. mz£AEB e.mzC

18. Triangle ABC is inscribed in a circle and mAB :mBC :mCA = 2:3:7. Find:
a.mAB b. mBC c. mCA d.mzA e.m/B f.msC
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19. Triangle RST is inscribed in a circle and mRS = mST = mTR. Find:

a. mRS b. mST c. mTR d.m/ZR e.m/S fmsT
Applying Skills
L R
20. In circle O, LM and RS intersect at P. ‘
a. Prove that ALPR ~ ASPM.
b. If LP =15 cm, RP = 12 cm, and SP = 10 cm, find MP. M
S
21. Triangle ABC is inscribed in a circle. If mAB = 100 and mBC = 130, prove that AABC is
isosceles.

22, Parallelogram ABCD is inscribed in a circle.
a. Explain why mABC = mADC.

b. Find mABC and mADC. D
c. Explain why parallelogram ABCD must be a rectangle.

)

%)

F E

Ex. 23 Ex. 24 Ex. 25

23. Triangle DEF is inscribed in a circle and G is any point not on DEF. If
mDE + mEF = mFGD, show that ADEF is a right triangle.

24, In circle O, AOC and BOD are diameters. If AB = CD, prove that AABC = ADCB by
ASA.

25. Chords AC and BD of circle O intersect at E.If AB = CD, prove that AABC = ADCB.

26. Prove that a trapezoid inscribed in a circle is isosceles.

27. Minor ABC and major ADC are arcs of circle O and AB | CD. Prove that

— C
AD = BC. B
28. Minor ABC and major ADC are arcs of circle O and AD = BC. Prove )
that AB | CD.
A

29. In circle O, AOC and BOD are diameters. Prove that AB | CD. D
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30. Points A, B, C, D, E, and F are on circle O, AB | CD || EF,
and CB | ED. ABCD and CDEF are trapezoids. Prove that

CA=BD =

31. Quadrilateral ABCD is inscribed in circle O, and AB is not congruent

DF = EC.

to CD. Prove that ABCD is not a parallelogram.

13-4 TANGENTS AND SECANTS

E
D

Postulate 13.2

In the diagram, line p has no points in common
with the circle. Line m has one point in com-
mon with the circle. Line m is said to be tangent
to the circle. Line k has two points in common
with the circle. Line £ is said to be a secant of
the circle.

DEFINITION

A tangent to a circle is a line in the plane of the circle that intersects the circle in

one and only one point.

DEFINITION

A secant of a circle is a line that intersects the circle in two points.

Let us begin by assuming that at every point on a circle, there exists exactly

one tangent line. We can state this as a postulate.

is tangent to the circle.

At a given point on a given circle, one and only one line can be drawn that

Let P be any point on circle O and OP be
a radius to that point. If line m containing
points P and Q is perpendicular to OP, then
OQ > OP because the perpendicular is the
shortest distance from a point to a line.
Therefore, every point on the line except P is
outside of circle O and line m must be tangent
to the circle. This establishes the truth of the
following theorem.



Theorem 13.10a

Theorem 13.10b

Given

Prove

Proof

Theorem 13.10
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If a line is perpendicular to a radius at a point on the circle, then the line is
tangent to the circle.

The converse of this theorem is also true.

If a line is tangent to a circle, then it is perpendicular to a radius at a point
on the circle.

Line m is tangent to circle O at P.
Line m is perpendicular to OP.
We can use an indirect proof.

Assume that m is not perpendicular to OP.
Then there is some line b that is perpendicu-
lar to OP at P since, at a given point on a given line, one and only one line can
be drawn perpendicular to the given line. Then by Theorem 13.10a, b is a tan-
gent to circle O at P. But this contradicts the postulate that states that at a
given point on a circle, one and only one tangent can be drawn. Therefore,
our assumption is false and its negation must be true. Line m is perpendicular
to OP. N

We can state Theorems 13.10a and 13.10b as a biconditional.

A line is tangent to a circle if and only if it is perpendicular to a radius at its
point of intersection with the circle.

Common Tangents

DEFINITION
A common tangent is a line that is tangent to each of two circles.

In the diagram, ABis tangent to circle O

“—>
at A and to circle O’ at B.Tangent AB is said
to be a common internal tangent because the
tangent intersects the line segment joining
the centers of the circles.
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In the diagram, C<’—D) is tangent to cir-
cle P at C and to circle P’ at D. Tangent

C<'—)D is said to be a common external
tangent because the tangent does not
intersect the line segment joining the cen- D
ters of the circles.

The diagrams below show that two circles can have four, three, two, one, or
no common tangents.

HHAYae

4 common 3 common 2 common 1 common No common
tangents tangents tangents tangent tangents

EXAMPLE |

Two circles are said to be tangent to each other if they are tangent to the

«—>
same line at the same point. In the diagram, ST is tangent to circle O and to
circle O" at T. Circles O and O’ are tangent externally because every point of
one of the circles, except the point of tangency, is an external point of the other
circle.

In the diagram, Z\W\’ is tangent to circle P and
to circle P’ at M. Circles P and P’ are tangent

internally because every point of one of the cir-
cles, except the point of tangency, is an internal M
point of the other circle.

Given: Circles O and O’ with a common internal
tangent, :@, tangent to circle O at A and
circle O’ at B, and C the intersection of OO’
and :ﬁ

. AC _ OC
Prove: BC = OC
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Proof We will use similar triangles to prove the segments proportional.

EXAMPLE 2

Solution

Theorem 13.11

Line AB is tangent to circle O at A and circle O’ at B. A line tangent to a
circle is perpendicular to a radius drawn to the point of tangency. Since perpen-
dicular lines intersect to form right angles and all right angle are congruent,
LOAC = £0O'BC. Also, LOCA = £ O’ CB because vertical angles are congru-
ent. Therefore, AOCA ~ AO'CB by AA~.The lengths of corresponding

sides of similar triangles are proportional. Therefore, %g = g,CC_ |

Circle O is tangent to AB at A, O’ is tangent to AB at B, and OO’ intersects AB
at C.

AC _ OA
a. Prove that 55 = OB

b. If AC =8, AB = 12,and OA = 9, find O'B.

a. We know that ZOAB = £ O'BA because they are right angles and
that ZOCA = £ O’ CB because they are vertical angles. Therefore,
AOCA ~ NO'CB by AA~ and 4& = 574,

b. AB = AC + BC =04

12 =8 + BC 8 = =

4 = BC 80'B = 36
O’B=%=%Answer 1

Tangent Segments

DEFINITION
A tangent segment is a segment of a tangent line, one of whose endpoints is the
point of tangency.

In the diagram, PQ and PR are tangent 0 P
segments of the tangents PQ and PR to circle
O from P.

Tangent segments drawn to a circle from an external point are congruent.
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Given

Prove

Proof

Corollary 13.11a

Given

Prove

Strategy

Corollary 13.11b

Given

Prove

Strategy

}<’_)Q tangent to circle O at Q and PR tangent to 0 P
circle O at R.

PO = PR

=

Draw OQ, OR, and OP. Since OQ and OR are

both radii of the same circle, OQ = OR. Since

QP and RP are tangent to the circle at Q and

R, ZOQP and £ ORP are both right angles, and AOPQ and AOPR are right
triangles. Then OP is the hypotenuse of both AOPQ and AOPR. Therefore,
AOPQ = AOPR by HL. Corresponding parts of congruent triangles are con-
gruent, so @ = PR. _

The following corollaries are also true.

If two tangents are drawn to a circle from an external point, then the line
segment from the center of the circle to the external point bisects the angle
formed by the tangents.

}%—)Q tangent to circle O at Q and PR tangent Q p
to circle O at R.

P—O> bisects Z RPQ.

Use the proof of Theorem 13.11 to show that
angles £ OPQ and £ RPO are congruent.

If two tangents are drawn to a circle from an external point, then the line
segment from the center of the circle to the external point bisects the angle
whose vertex is the center of the circle and whose rays are the two radii
drawn to the points of tangency.

@ tangent to circle O at Q and P(—)R tan- Q P
gent to circle O at R.

O—}; bisects ZQOR.

=

Use the proof of Theorem 13.11 to
show that angles ZQOP and £ ROP are
congruent.



EXAMPLE 3

Solution
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The proofs of Corollaries 13.11a and 13.11b are left to the student. (See
exercises 15 and 16.)

A Polygon Circumscribed About a Circle

A polygon is circumscribed about a circle if each side E B
of the polygon is tangent to the circle. When a polygon

is circumscribed about a circle, we also say that the cir- Y 1
cle is inscribed in the polygon. For example, in the dia-

gram, AB is tangent to circle O at E, BC is tangent to H J
circle O at F, CD is tangent to circle O at G, DA is "~
tangent to circle O at H. Therefore, ABCD is circum- D
scribed about circle O and circle O is inscribed in

quadrilateral ABCD.

If AABC is circumscribed about circle O, A
then we know that OA, OB, and OC are the
bisectors of the angles of AABC, and O is the
point at which the angle bisectors of the angles
of a triangle intersect. D

AB,BC,and CA are tangent to circle O at D, E, and
F,respectively. If AF = 6, BE = 7,and CE = 5, find
the perimeter of AABC.

Tangent segments drawn to a circle from an exter-
nal point are congruent.

AD =AF=6 BD=BE=17 CF=CE=5

Therefore, C+=5—>E<+—7—8B

AB=AD + BD BC=BE +CE CA=CF+ AF
=6+7 =745 =546
=13 =12 =11

Perimeter = AB + BC + CA
=13+ 12 + 11
= 36 Answer 1
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EXAMPLE 4
Point P is a point on a line that is tangent to circle O at R, P is 12.0 centimeters
from the center of the circle, and the length of the tangent segment from P is 8.0
centimeters.
a. Find the exact length of the radius of the circle.
b. Find the length of the radius to the nearest tenth.
Solution a. P is 12 centimeters from the center of R 8 cm P

circle O; OP = 12.
The length of the tangent segment is 8 '

centimeters; RP = 8.

A line tangent to a circle is perpendic- 12 cm
ular to the radius drawn to the point of
tangency; AOPR is a right triangle.

RP? + OR*> = OP?

& + OP? = 122
64 + OP> = 144
OP? =80

oP = V80 = V16\V/5 = 4\/5
b. Use a calculator to evaluate 4\/5.
ENTER:4 _2nd | \/ )5 ENTER
DISPLAY: 8.94427191
To the nearest tenth, OP = 8.9.

Answers a. 4 \/5 cm b.89cm N

Exercises

Writing About Mathematics
1. Line / is tangent to circle O at A and line m is tangent to circle O at B. If AOB is a diame-
ter, does [ intersect m? Justify your answer.

2. Explain the difference between a polygon inscribed in a circle and a circle inscribed in a
polygon.
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Developing Skills
In 3 and 4, AABC is circumscribed about circle O and D, E, and F are points of tangency.

3.1t AD =5,EB = 5,and CF = 10, find the lengths of

A
the sides of the triangle and show that the triangle is
isosceles.
E
4. If AF = 10, CE = 20, and BD = 30, find the lengths of D
the sides of the triangle and show that the triangle is a
right triangle.
C E B

In 5-11, E is tangent to circle O at P, @ is tangent to circle O at S, and @ intersects circle O at
T and R.

5.1f OP = 15 and PQ = 20, find: a. 0Q b. SQ ¢. TQ
6. If 00 = 25 and PQ = 24, find: a. OP b. RT ¢. RQ
7.1f OP = 10 and OQ = 26, find: a. PQ b. RQ ¢. TQ
8
9

o

.If OP = 6 and TQ = 13, find: a. 00 b. PO ¢. SQ
.If OS = 9 and RQ = 32, find: a. 0Q b. SQ ¢. PQ
10. If PO = 3x, SO = 5x — 8,and OS = x + 1, find: a. PQ b. SQ ¢. OS d. 0Q
11. If SQ = 2x, OS = 2x + 2,and OQ = 3x + 1, find: a.x b. SQ ¢ OS d. 0Q

12. The sides of AABC are tangent to a circle at D, E, and F.
If DB = 4, BC = 7, and the perimeter of the triangle is 30,
find:

a.BE b.EC ¢.CF d.AF e.AC f. AB

9“%{

13. Line RP is tangent to circle O at P and OR intersects
the circle at M, the midpoint of OR. If RP = 3.00 cm,
find the length of the radius of the circle:

a. in radical form b. to the nearest hundredth

14. Points E, F, G, and H are the points of tangency to circle O of AB, BC,
CD, and DA, respectively. The measure of EF is 80°, of FG is 70°, and
of GH is 50°. Find:
am/ZEOF b.mZFOG ¢e¢m/GOH d.m/ZHOE e m/AOE
f.m/EAO g msZEAH h.m/ZFBE im/ZGCF  jomsZHDG
k. the sum of the measures of the angles of quadrilateral ABCD
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Applying Skills

15.

16.

17.

18.

19.

20.

21.

Prove Corollary 13.11a, “If two tangents are drawn to a circle from an external point, then
the line segment from the center of the circle to the external point bisects the angle formed
by the tangents.”

Prove Corollary 13.11b, “If two tangents are drawn to a circle from an external point, then
the line segment from the center of the circle to the external point bisects the angle whose
vertex is the center of the circle and whose rays are the two radii drawn to the points of
tangency.”

- Ry . Y P
Lines PQ and PR are tangent to circle O at Q and R.

a. Prove that ~ POR = / PROQ.

b. Drav@ intersecting RO at S and prove that QS = RS
and OP L QOR. R

c. If OP =10,50 =4 and OS < SP, find OS and SP.

Tangents AC and BC to circle O are perpendicular to each other at C. Prove:
a. AC = AO

b. OC =V204

c¢. AOBC'is a square.

Isosceles AABC is circumscribed about circle O. The points of tangency of the legs, AB and
AC, are %nd F, and the point of tangency of the base, BC, is E. Prove that E is the mid-
point of BC.

Line AB is a common external tangent to circle . A B
O and circle O'. AB is tangent to circle O at A C Tl 1
and to circle O’ at BandoOA < O'B. N\ ST
a. Prove that OO’ is not parallel to AB.

b. Let C be the intersection of 0<—O>’ and :4—>B
Prove that AOAC ~ AO'BC.

e. It §% = %, and BC = 12,find AC, AB, OC, O'C,and 00"

Line AB is a common internal tangent to circles O and O’.

AB s tangent to circle O at A and to circle O' at B, and

OA = O'B. The intersection of 0O’ and AB is C. A
a. Prove that OC = O'C.

b. Prove that AC = BC.

B
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Hands-On Activity

Consider any regular polygon. Construct the angle bisectors of each
interior angle. Since the interior angles are all congruent, the angles
formed are all congruent. Since the sides of the regular polygon are
all congruent, congruent isosceles triangles are formed by ASA. Any
two adjacent triangles share a common leg. Therefore, they all share
the same vertex. Since the legs of the triangles formed are all con-
gruent, the vertex is equidistant from the vertices of the regular poly-
gon. This common vertex is the center of the regular polygon.

7 In this Hands-On Activity, we will use the center of a regular polygon to inscribe a circle in
the polygon.

a. Using geometry software or compass, protractor, and straightedge, construct a square, a regular
pentagon, and a regular hexagon. For each figure:

(1) Construct the center P of the regular polygon. (The center is the intersection of the angle
bisectors of a regular polygon.)

(2) Construct an apothem or perpendicular from P to one of the sides of regular polygon.
(3) Construct a circle with center P and radius equal to the length of the apothem.
b. Prove that the circles constructed in part a are inscribed inside of the polygon. Prove:
(1) The apothems of each polygon are all congruent.
(2) The foot of each apothem is on the circle.
(3) The sides of the regular polygon are tangent to the circle.

c. Let r be the distance from the center to a vertex of the regular polygon. Since the center is
equidistant from each vertex, it is possible to circumscribe a circle about the polygon with
radius r. Let a be the length of an apothem and s be the length of a side of the regular polygon.
How is the radius, r, of the circumscribed circle related to the radius, a, of the inscribed circle?

13-5 ANGLES FORMED BY TANGENTS, CHORDS, AND SECANTS

Angles Formed by a Tangent and a Chord

In the diagram, AB is tangent to circle O at A, AD is
a chord, and AC is a diameter. When CD is drawn,
£ ADC is aright angle because it is an angle inscribed in
a semicircle, and ZACD is the complement of ZCAD.
Also,CA L AB,/BACisa right angle, and 2 DAB is the
complement of £~ CAD. Therefore, since complements of
the same angle are congruent, ZACD = ZDAB. We
can conclude Lllat since mZACD = %mAD, then
m/DAB =imAD.
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Theorem 13.12

Theorem 13.13

We can state what we have just proved on page 567 as a theorem.

The measure of an angle formed by a tangent and a chord that intersect at
the point of tangency is equal to one-half the measure of the intercepted arc.

Angles Formed by Two Intersecting Chords

We can find how the measures of other angles and their intercepted arcs are
related. For example, in the diagram, two chords ‘AB and CD intersect in the
interior of circle O and DB is drawn. Angle AED is an exterior angle of ADEB.
Therefore,

m/AED = m/BDE + m/ZDBE
= %mg(\f + %mD/Z
= %(mﬁf + me;l)

Notice that BC is the arc intercepted by ~BEC and DA is the arc inter-
cepted by ZAED, the angle vertical to £ BEC. We can state this relationship as
a theorem.

The measure of an angle formed by two chords intersecting within a circle is
equal to one-half the sum of the measures of the arcs intercepted by the
angle and its vertical angle.

Angles Formed by Tangents and Secants

We have shown how the measures of angles whose vertices are on the circle or
within the circle are related to the measures of their intercepted arcs. Now we
want to show how angles formed by two tangents, a tangent and a secant, or two
secants, all of which have vertices outside the circle, are related to the measures
of the intercepted arcs.

A Tangent Intersecting a Secant

In the diagram, PRS is a tangent to circle O at R
and I% is a secant that intersects the circle at T’
and at Q. Chord RQ is drawn. Then ~SRQ is an
exterior angle of APRQ.




Angles Formed by Tangents, Chords, and Secants 569

m/RQP + m/P = m/SRQ
m/ZP =m/SRQO — m/ZRQP
m/P = %m@ — %mﬁ“
msP = %(m@ - mﬁ)

Two Intersecting Secants

In the diagram, PTR is a secant to circle O T

that intersects the circle at R and 7, and PQOS R
is a secant to circle O that intersects the circle 0
at Q and S. Chord RQ is drawn. Then ZRQS

S
is an exterior angle of ARQP.

m/PRQO + m/ZP =m/ZRQOS
m/P=m/RQOS — m/PRQ
m/P = %mi{? — %mQAT
m/P = %(ml% - mQAT)

Two Intersecting Tangents

In the diagram, ﬁ? is tangent to circle O at R, f(’_Q) is
tangent to the circle at O, and 7' is a point on major @
Chord RQ is drawn. Then £ SRQ is an exterior angle of
ARQP.

m/POR + m/ZP = m/SRQ
m/P =m/SRQO — m/ZPQOR
m/P = %mR/T\Q - %m@
m/P = %(meTb - m@)

For each pair of lines, a tangent and a secant, two secants, and two tangents,
the steps necessary to prove the following theorem have been given:

Theorem 13.14 | The measure of an angle formed by a tangent and a secant, two secants, or
two tangents intersecting outside the circle is equal to one-half the differ-
ence of the measures of the intercepted arcs.
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EXAMPLE |

Solution

Answers

EXAMPLE 2

A tangent and a secant are drawn to circle O from Y

point P. The tangent intersects the circle at Q and \ i
the secant atRandS.ImefR:mI/QtS‘:mSTQ=3:5:7, R
find: /
— — — S
a. mQR b. mRS c. mSQ
d. mZ QRS e.m/RQOP f.m/P

Let mel\i = 3x, mRS = 5x, and mS@ = Tx.
3x + 5x + 7x = 360

15x = 360
x =24
a. mQAR=3x b. mRS = Sx c. mSAQ=7x
= 3(24) = 5(24) =7(24)
=172 =120 = 168

d. mZQRS =ImSQ  e. m/RQOP = ImOR £ m/P = (mSO — mOR)

= 1(168) =1m) = 1168 — 72)
= 84 = 36 = 48
a.72° b.120° ¢ 168° d.84° e.36° f.48° 2

Note: m/QRS = mZRQP + m/ZP
=36 + 48
= 84

Two tangent segments, RP and RQ, are drawn to circle O from an external point
R.If m£ R is 70, find the measure of the minor arc PQ and of the major arc PSQ
into which the circle is divided.
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o R
the same endpoints is 360. i
Let x = mPQ.
Q — Q
Then 360 — x = mPSQ.
— — S
m/ZR = %(mPSQ — mPQ)
_1
70 = 5(360 — x — x)
_1
70 = 5(360 — 2x)
70 =180 — x
x =110
360 — x = 360 — 110
=250
Answer mPQ = 110 and mPSQ = 250 N
SUMMARY
Type of Angle Degree Measure Example
Formed by a The measure of an angle A
Tangent and a | formed by a tangent and a
Chord chord that intersect at the
point of tangency is equal to
one-half the measure of the
intercepted arc. B
mzZl = %m;\\B
Formed by Two | The measure of an angle D A
Intersecting formed by two intersecting
Chords chords is equal to one-half
the sum of the measures of B
the arcs intercepted by the C

angle and its vertical angle.

msl = %(mﬁ + mE\D)

m/2 = %(m@ + mE\D)

(Continued)
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SUMMARY (Continued)

Type of Angle

Degree Measure

Example

Formed by
Tangents and
Secants

The measure of an angle
formed by a tangent and a
secant, two secants, or two
tangents intersecting outside
the circle is equal to
one-half the difference of
the measures of the
intercepted arcs.

7
>

msl = %(m//A\B - mAE)
m/2 = %(m@ - m?D)
ms3 = %(m/@ - m/@)

Exercises

Writing About Mathematics

1. Nina said that a radius drawn to the point at which a secant intersects a circle cannot be
perpendicular to the secant. Do you agree with Nina? Explain why or why not.

2. Two chords intersect at the center of a circle forming four central angles. Aaron said that
the measure of one of these angles is one-half the sum of the measures of the arcs inter-
cepted by the angle and its vertical angle. Do you agree with Aaron? Explain why or why

not.

Developing Skills

In 3-8, secants PQS and PRT intersect at P.

3. If mST = 160 and mQR = 90, find m/ P.

4. 1f mST = 100 and mOR = 40, find m~ P.

5. 1f mST = 170 and mOR = 110, find m/ P.

6. If m/ P = 40 and mOR = 86, find mS7. R

7. If m/ P = 60 and mQ/lT? = 50, find mST.

8. If m/ P = 25 and mST = 110, find mOR.
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In 9-14, tangent Q7 and secant PRT intersect at P.

9. If mQT = 170 and mOR = 70, find m/ P.

10. If mQT = 120 and mOR = 30, find m/ P. !
11. If mOR = 70 and mRT = 120, find m/ P. 0 R
12. If mOR = 50 and mZ P = 40, find mOT.

13. If mOR = 60 and m/ P = 35, find mOT. /

14. If m~ P = 30 and mOR = 120, find mQOT.

In 15-20, tangents RP and Q7 intersect at P and S is on major arc Q??
15. If mRO = 160, find m~ P.
16. If mRQ = 80, find m/ P. P 0
17. It mRSQ = 260, find m/ P.
18. If mRSQO = 210, find m~ P. R
19. If mRSQ = 2mRQ, find m/ P.
20. If m/ P = 45, find mRQ and mRSO.

In 21-26, chords AB and CD intersect at E in the interior of a circle.

21. If mAC = 30 and mBD = 80, find mZ AEC.

22. f mDA = 180 and mBC = 100 find mZ AED. A€
23. If mAC = 25 and mBD = 45, find m/ DEB.
- . B
24. It mAC = 20 and mBD = 60, find m/ AED.
D

25. If mAC = 30 and mZ AEC = 50, find mBD.
26. If mBC = 80 and mZ AEC = 30, find mDA.

27. In the diagram, PA and PB are tangent to circle O at A and
B. Diameter BD and chord AC intersect at E, mCB = 125 and
m/ P = 55. Find:

a. rn/@ b. mAfb C. mC/;)
d. mz/DEC e.m/ZPBD f.m/ PAC

g. Show that BD is perpendicular to AC and bisects AC.
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28. Tangent segment PA and secant segment PBC are drawn to cir-

Geometry of the Circle

cle O and AB and AC are chords. If m2 P = 45 and
mAC :mAB = 5:2, find:

a.mAC b. mBC c. m/ACB

d. m£ZPAB e.m/CAB f.m/ PAC

Applying Skills

29.

30.

31.

Tangent PC intersects circle O at C,chord AB || C(‘—>P,

diameter COD intersects AB at E, and diameter AOF is

extended to P.

a. Prove that AOPC ~ AOAE.

b. If m£ OAE = 30, find mAD, mCF, mF B, mBD, mAC,
and mZ P.

Tangent ABC intersects circle O at B,
—>
secant AFOD intersects the circle at
—
F and D, and secant CGOE intersects
the circle at G and E. If
mEFB = mDGB, prove that AAOC is

isosceles.

Segments AP and BP are tangent
to circle O at A and B, respectively,
and mZAOB = 120. Prove that
AABP is equilateral.

A

32. Secant ABC intersects a circle
at A and B. Chord BD is drawn.
Prove that mzZ CBD # %rnBD.
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13-6 MEASURES OF TANGENT SEGMENTS, CHORDS,
AND SECANT SEGMENTS

Theorem 13.15

Given

Prove

Proof

Segments Formed by Two Intersecting Chords

We have been proving theorems to establish the relationship between the mea-
sures of angles of a circle and the measures of the intercepted arcs. Now we will
study the measures of tangent segments, secant segments, and chords. To do this,
we will use what we know about similar triangles.

If two chords intersect within a circle, the product of the measures of the seg-
ments of one chord is equal to the product of the measures of the segments
of the other.

A
Chords AB and CD intersect at E in the interior of m
circle O. D ‘ C
B

(AE)(EB) = (CE)(ED) “

Statements Reasons

1. Draw AD and CB. 1. Two points determine a line.

2./A=/Cand 4D = /B 2. Inscribed angles of a circle that inter-
cept the same arc are congruent.

3. AADE ~ ACBE 3. AA~.

4. % = % 4. The lengths of the corresponding sides
of similar triangles are in proportion.

5. (AE)(EB) = (CE)(ED) 5. In a proportion, the product of the
means is equal to the product of the
extremes. _

Segments Formed by a Tangent
Intersecting a Secant

Do similar relationships exist for tangent segments
and secant segments? In the diagram, tangent seg-

ment PA is drawn to circle O, and secant segment
PBC intersects the circle at B and C.
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A We will call PB, the part of the secant segment that is outside the circle, the
P external segment of the secant. When chords AB and AC are drawn, £C =
B £ PAB because the measure of each is one-half the measure of the intercepted
arc, AB.Also LP= /P by the reflexive property. Therefore, ABPA ~ AAPC
by AA~.The length of the corresponding sides of similar triangles are in pro-

portion. Therefore:

LB P4 and  (PA)* = (PC)(PB)

We can write what we have just proved as a theorem:

Theorem 13.16 | If a tangent and a secant are drawn to a circle from an external point, then
the square of the length of the tangent segment is equal to the product of the
lengths of the secant segment and its external segment.

Note that both means of the proportion are PA, the length of the tangent
segment. Therefore, we can say that the length of the tangent segment is the
mean proportional between the lengths of the secant and its external segment.
Theorem 13.16 can be stated in another way.

Theorem 13.16 | If a tangent and a secant are drawn to a circle from an external point, then
the length of the tangent segment is the mean proportional between the
lengths of the secant segment and its external segment.

Segments Formed by Intersecting Secants

What is the relationship of the lengths of two
secants drawn to a circle from an external
point? Let ABC and ADE be two secant seg-
ments drawn to a circle as shown in the dia-
gram. Draw AF a tangent segment to the
circle from A. Since

AF? = (AC)(AB) and AF? = (AE)(AD),
then
(AC)(AB) = (AE)(AD)

Note: This relationship could also have been proved by showing that
AABE ~ ANADC.
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We can state this as a theorem:

Theorem 13.17 | If two secant segments are drawn to a circle from an external point, then the
product of the lengths of one secant segment and its external segment is
equal to the product of the lengths of the other secant segment and its exter-
nal segment.

EXAMPLE |

Two secant segments, PAB and PCD, and P
a tangent segment, PE, are drawn to a cir- A

cle from an external point P. If PB = 9 cm, B ’

PD = 12 cm, and the external segment of

PAB is 1 centimeter longer than the exter-
nal segment of PCD, find: a. PA b. PC

¢. PE D E
Solution Letx = PCandx + 1 = PA. a.PA=x+1=4
PB)(PA) = (PD)(PC
(PBYPA) = (PD)(PC) | |
9PA = 12PC
2 =
9(x + 1) = 12x c. (PE) (PB)(PA)
2 =
9x + 9 = 12x (PE) )
2 =
9 = 3y (PE)* = 36
3— PE = 6 (Use the positive square root.)

Answers a.PA=4cm b.PC=3cm ¢.PE =6cm
J

EXAMPLE 2
In a circle, chords @ and RS intersect at 7. If PT = 2, TO = 10,and SR = 9,

find S7 and TR. R
B ﬂ
I Q
S
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Solution Since ST + TR = SR =9,let ST=xand TR =9 — x.
R (PT)(TQ) = (RT)(TS)
2\ (2)(10) = x(9 — x)
Q) e e
0 20 =9x — x
X —=9x+20=0
5 (x = 5)(x — 4) =0
x—5=0 x—4=0
x=5 x=4

9—-x=4 9—-x=5

Answer ST =5and TR =4,or ST=4and TR =5 _

EXAMPLE 3

Find the length of a chord that is 20 centimeters from the center of a circle if the
length of the radius of the circle is 25 centimeters.

S5ecm C

Solution Draw diameter COD perpendicular to chord AB at E.
Then OEF is the distance from the center of the circle to
the chord.

OE=20 DE=0D+OE CE=0C-OE
=25+ 20 =25 -20
= 45 =5

A diameter perpendicular to a chord bisects the chord. Therefore, AE = EB.

Let AE = EB = x.
(AE)(EB) = (DE)(CE)
(x)(x) = (45)(5)
x* =225
x = 15 (Use the positive square root.)
Therefore,
AB = AE + EB

X+ x

30 cm Answer
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Type of Segment

Length

Formed by Two
Intersecting
Chords

If two chords intersect, the
product of the measures of the
segments of one chord is equal

to the product of the measures of
of the segments of the other.

Formed by a
Tangent
Intersecting
a Secant

If a tangent and a secant are drawn
to a circle from an external point,
then the square of the length of
the tangent segment is equal to
the product of the lengths of the
secant segment and its external
segment.

Formed by Two
Intersecting
Secants

If two secant segments are

drawn to a circle from an
external point, then the product
of the lengths of one secant
segment and its external segment
is equal to the product of the
lengths of the other secant
segment and its external segment.

D
(PB)(PA) = (PD)(PC)

Exercises

Writing About Mathematics

1. The length of chord AB in circle O is 24. Vanessa said that any chord of circle O that inter-
sects AB at its midpoint, M, is separated by M into two segments such that the product of
the lengths of the segments is 144. Do you agree with Vanessa? Justify your answer.

2. Secants ABP and CDP are drawn to circle O.If AP > CP,is BP > DP? Justify your

ansSwer.
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Developing Skills
In 3-14, chords AB and CD intersect at E.

3.If CE=12,ED = 2,and AE = 3, find EB.
.If CE=16,ED = 3,and AE = 8, find EB.
AIf AE =20, EB = 5,and CE = 10, find ED.
.If AE = 14, EB = 3,and ED = 6, find CE.
I CE=10,ED = 4,and AE = 5, find EB.
. If CE =56, ED = 14, and AE = EB, find EB.
. If CE =12, ED = 2, and AE is 2 more than EB, find EB.
10. If CE = 16, ED = 12, and AE is 3 times EB, find EB.
11. If CE = 8, ED = 5, and AE is 6 more than EB, find EB.
12. If CE =9, ED = 9,and AE is 24 less than EB, find EB.
13. If CE = 24, ED = 5,and AB = 26, find AE and EB.
14. If AE =7,EB = 4,and CD = 16, find CE and ED.

N=EE- B - WY | B N

In 15-22, AF is tangent to circle O at F and secant ABC intersects
circle O at B and C.

15. If AF = 8 and AB = 4, find AC.

16. If AB = 3 and AC = 12, find AF.

17. If AF = 6 and AC = 9, find AB.

18. If AB = 4 and BC = 12, find AF.

19. If AF = 12 and BCis 3 times AB, find AC, AB, and BC.

20. If AF = 10 and AC is 4 times AB, find AC, AB, and BC.

21. If AF = 8 and CB = 12, find AC, AB, and BC.

22. If AF = 15 and CB = 16, find AC, AB, and BC.

In 23-30, secants ABC and ADE intersect at A outside the circle.
23. If AB = 8 AC = 25,and AD = 10, find AE.
24. If AB =6,AC = 18,and AD = 9, find AE.
25.1f AD = 12, AE = 20, and AB = 8, find AC.

26. If AD = 9,AEF = 21,and AC is 5 times AB,
find AB and AC.

27.1f AB =3,AD = 2,and DE = 10, find AC.

Qe
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28.If AB=4,BC =12,and AD = DE, find AE.
29.If AB=2,BC ="7,and DE = 3,find AD and AE.
30. If AB =6,BC = 8,and DE = 5, find AD and AE.

31. In a circle, diameter AB is extended through B to P and tangent segment PC is drawn. If
BP = 6 and PC = 9, what is the measure of the diameter of the circle?

13-7 CIRCLES IN THE COORDINATE PLANE

In the diagram, a circle with center at the
origin and a radius with a length of 5
units is drawn in the coordinate plane.
The points (5, 0), (0, 5), (=5, 0) and
(0, =5) are points on the circle. What
other points are on the circle and what is
the equation of the circle?

Let P(x, y) be any other point on the
circle. From P, draw a vertical line seg-
ment to the x-axis. Let this be point Q.
Then AOPQ is a right triangle with
0OQ = x, PO = y,and OP = 5. We can
use the Pythagorean Theorem to write an
equation for the circle:

(_5’ O)

0Q*> + PQ* = OP°
2o+ P =3

The points (3, 4), (4, 3), (=3, 4), (=4, 3), (=3, —4), (=4, —3), (3, —4), and
(4, —3) appear to be points on the circle and all make the equation x> + y? = 52
true. The points (5, 0), (0, 5), (=5, 0), and (0, —5) also make the equation true,

as do points such as (1,@) and (—Z,Vi).

If we replace 5 by the length of any radius, r, the equation of a circle whose
center is at the origin is:

xt+yr=r (2,9

How does the equation change if P(x,y)
the center is not at the origin? For exam-
ple, what is the equation of a circle
whose center, C, is at (2, 4) and whose (=3,/4)
radius has a length of 5 units? The points
(7,4),(—3,4),(2,9),and (2, —1) are each
5 units from (2, 4) and are therefore 1
points on the circle. Let P(x, y) be any
other point on the circle. From P, draw a 7 1)
vertical line and from C, a horizontal line. ’
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Let the intersection of these two lines be Q. Then ACPQ is a right triangle
with:

CO =x—-2| PO=|y—-4 <cCcP=5
We can use the Pythagorean Theorem to write an equation for the circle.
cQ*> + PQ* =cCP?
(x =27+ (y—4)2 =¥

The points (5, 8), (6, 7), (=1, 8), (=2, 7), (=1,0), (=2, 1) (5,0), and (6, 1)
appear to be points on the circle and all make (x — 2)?> + (y — 4)?> = 5% true.
The points (7,4), (=3, 4), (2,9), and (2, —1) also make the equation true, as do
points whose coordinates are not integers.

We can write a general equation for a
circle with center at C(h, k) and radius r. y
Let P(x, y) be any point on the circle. From
P draw a vertical line and from C draw a
horizontal line. Let the intersection of these

two lines be Q. Then ACPQ is a right tri-
angle with:

CO=|x—hl PO=|y—k CP=r \0 n
We can use the Pythagorean Theorem \—/
to write an equation for the circle.

cQ> + PQ* =cCP
(x =P+ (v = k)P =7

In general, the center-radius equation of a circle with radius r and center
(h, k) is

@ —h?+(y—k?=r

A circle whose diameter AB has end-
points at A(—3, —1) and B(5, —1) is shown at
the right. The center of the circle, C, is the
midpoint of the diameter. Recall that the
coordinates of the midpoint of the segment
whose endpoints are (a, b) and (c, d) are

(“T”, W).The coordinates of C are

€ (3 - +2(—1)) — (1.-1).

The length of the radius is the distance
from C to any point on the circle. The distance Y
between two points on the same vertical
line, that is, with the same x-coordinates, is the absolute value of the difference
of the y-coordinates. The length of the radius is the distance from C(1, —1) to
A(—3, —1). The length of the radius is

1= (=3)=4




EXAMPLE |

Solution

Answers
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In the equation of a circle with center at (h, k) and radius r, we use
(x — h)*> + (y — k)*> = r2 For this circle with center at (1, —1) and radius 4, h =
1,k = —1, and r = 4. The equation of the circle is:
x—12+@-—-(-1)yP=42 o (x—-1P>+(@+1)2=16

The equation of a circle is a rule for a set of ordered pairs, that is, for a rela-
tion. For the circle (x — 1)> + (y + 1)> = 16, (1, =5) and (1, 3) are two ordered
pairs of the relation. Since these two ordered pairs have the same first element,
this relation is not a function.

a. Write an equation of a circle with center at (3, —2) and radius of length 7.

b. What are the coordinates of the endpoints of the horizontal diameter?

a. The center of the circle is (h, k) = (3, —2). The radiusis r = 7.
The general form of the equation of a circle is (x — h)? + (y — k)> = r
The equation of the given circle is:

x=32+@-(=2) =7 or (x-=-372+((+27>=49

b. METHOD | =
If this circle were centered at the
origin, then the endpoints of the
horizontal diameter would be
(=7,0) and (7, 0). However, the ~ 0[(0,0)
circle is centered at (3, —2). Shift h -4 ZMEN X
these endpoints using the trans- o’
lation T3 _,:

(=7,0) > (=7 + 3,0 — 2) = (—4, —2)
(7,0) > (7 + 3,0 —2) = (10, -2)

4
METHOD 2

Since the center of the circle is (3, —2), the y-coordinates of the endpoints
are both —2. Substitute y = —2 into the equation and solve for x:

(x =32+ (y+2)?2=49
(x =32+ (—2+2)=49
X —6x+9+0=49

X —6x—40=0

(x —10)(x +4) =0 _ .
The coordinates of the endpoints
x=10 | x = —4 are (10, —2) and (—4, —2).

a.(x —3)2+ (y + 2> =49 b. (10, —2) and (—4, —2) a
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EXAMPLE 2

Solution

Answers

EXAMPLE 3

Solution

Exercises

The equation of a circle is (x — 1)? + (y — 5)? = 36.
a. What are the coordinates of the center of the circle?
b. What is the length of the radius of the circle?

c. What are the coordinates of two points on the circle?

Compare the equation (x — 1)*> + (y — 5)? = 36 to the general form of the
equation of a circle:

(=Y + (v = kP =7
Therefore,h =1,k = 5,r> = 36,and r = 6.
a. The coordinates of the center are (1, 5).
b. The length of the radius is 6.
c. Points 7 units from (1, 5) on the same horizontal line are (8,5) and (—6,5).

Points 7 units from (1, 5) on the same vertical line are (1, 12) and (1, —2).

a.(1,5) b.6 ¢ (8,5 and (—6,5) or (1,12) and (1, —2) _

The equation of a circle is x> + y?> = 50. What is the length of the radius of the
circle?

Compare the given equation to x> + y* = r2.
r* =50
r = i\/570
r=+\V25V2
r=+5\2

Since a length is always positive, r = 5 \/2 Answer |

Writing About Mathematics

1. Cabel said that for every circle in the coordinate plane, there is always a diameter that is a

vertical line segment and one that is a horizontal line segment. Do you agree with Cabel?
Justify your answer.

2. Is 3x? + 3y? = 12 the equation of a circle? Explain why or why not.
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Developing Skills
In 3-8, write an equation of each circle that has the given point as center and the given value of r as
the length of the radius.

3.(0,0),r=3 4. (1,3),r=5 5.(-2,0),r=6
6. (4,-2),r =10 7. (6,0),r =9 8. (-3,-3),r=2
In 9-16, write an equation of each circle that has a diameter with the given endpoints.
9. (—2,0) and (2,0) 10. (0, —4) and (0, 4)
11. (2,5) and (2, 13) 12. (—=5,3) and (3, 3)
13. (5,12) and (-5, 12) 14. (=5,9) and (=7, =7)
15. (=7,3) and (9, 10) 16. (2,2) and (18, —4)
In 17-22, write an equation of each circle.
17. yi 18. iy 19. 2o N
1 X

21. Vi 22. y

=YQ

In 23-28, find the center of each circle and graph each circle.
23. (x 22+ (y+5°2=4
24. (x +4)°+ (y —4) =36
25 (x+3)+ (y—1)2=25

2. (x =3+ (y+3)=5%

=
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27. 2x* 4+ 2y* =18
28. 5(x — 1)2+5(y — 1) =245
29. Point C(2, 3) is the center of a circle and A(—3, —9) is a point on the circle. Write an equa-

tion of the circle.

30. Does the point (4, 4) lie on the circle whose center is at the origin and whose radius is V329
Justify your answer.

3. Isx? + 4x + 4 + y> — 2y + 1 = 25 the equation of a circle? Explain why or why not.

Applying Skills
32. In the figure on the right, the points A(2, 6),
B(—4,0), and C(4,0) appear to lie on a circle.
a. Find the equation of the perpendicular bisector of AB.
b. Find the equation of the perpendicular bisector of BC.
¢. Find the equation of the perpendicular bisector of AC.

d. Find the circumcenter of AABC, the point of intersec-
tion of the perpendicular bisectors.

e. From what you know about perpendicular
bisectors, why is the circumcenter equidistant from the
vertices of AABC?

f. Do the points A, B, C lie on a circle? Explain.

33. In the figure on the right, the circle with

center at C(3, —1) appears to be inscribed in P(-1,2) L
APQR with vertices P(—1,2), Q(3, —12), and 51
R(7,2).

a. If the equations of the angle bisectors
of APQOR are 6x + 8y = 10,x = 3, and
3x — 4y = 13,is C the incenter of
APQR?

b. From what you know about angle bisectors,
why is the incenter equidistant from the sides
of APQOR?

c. If S(3,2) is a point on the circle, is the circle
inscribed in APQR? Justify your answer.

d. Write the equation of the circle.
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34. In the figure on the right, the circle is circumscribed about AABC with vertices A(—1, 3),
B(—5,1),and C(—5, —3). Find the equation of the circle. Justify your answer algebraically.

35. Bill Bekebrede wants to build a circular pond in his garden. The garden is in the shape
of an equilateral triangle. The length of the altitude to one side of the triangle is 18 feet.
To plan the pond, Bill made a scale drawing on graph paper, letting one vertex of the
equilateral triangle OAB be O(0, 0) and another vertex be A(2s, 0). Therefore, the
length of a side of the triangle is 2s. Bill knows that an inscribed circle has its center
at the intersection of the angle bisectors of the triangle. Bill also knows that the
altitude, median, and angle bisector from any vertex of an equilateral triangle are the
same line.

a. What is the exact length, in feet, of a side of the garden?
b. In terms of s, what are the coordinates of B, the third vertex of the triangle?

c. What are the coordinates of C, the intersection of the altitudes and of the angle
bisectors of the triangle?

d. What is the exact distance, in feet, from C to the sides of the garden?

e. What should be the radius of the largest possible pond?

36. The director of the town park is planning walking paths within the park. One is to be
a circular path with a radius of 1,300 feet. Two straight paths are to be perpendicular to
each other. One of these straight paths is to be a diameter of the circle. The other is a chord
of the circle. The two straight paths intersect 800 feet from the circle. Draw a model of the
paths on graph paper letting 1 unit = 100 feet. Place the center of the circle at (13, 13) and
draw the diameter as a horizontal line and the chord as a vertical line.

a. What is the equation of the circle?

b. What are all the possible coordinates of the points at which the straight paths intersect
the circular path?

c. What are all the possible coordinates of the point at which the straight paths intersect?

d. What are the lengths of the segments into which the point of intersection separates the
straight paths?
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13-8 TANGENTS AND SECANTS IN THE COORDINATE PLANE

Tangents in the Coordinate Plane

The circle with center at the origin and
radius 5 is shown on the graph. Let [/
be a line tangent to the circle at
A(3,4). Therefore, I | OA since a tan-
gent is perpendicular to the radius
drawn to the point of tangency. The
slope of / is the negative reciprocal of
the slope of OA.

A

~

slope of OA = ;8

W W

Therefore, the slope of / = —%. We
can use the slope of / and the point
A(3,4) to write the equation of /.

y—4 _
x—3 4
4(y —4) = -3(x — 3)
4y =16 = 3x + 9
3x + 4y =25

The point P(—1,7) makes the equation true and is therefore a point on the
tangent line 3x + 4y = 25.

Secants in the Coordinate Plane

A secant intersects a circle in two points. We can use an algebraic solution of a
pair of equations to show that a given line is a secant. The equation of a circle
with radius 10 and center at the origin is x> + y?> = 100. The equation of a line
in the plane is x + y = 2.Is the line a secant of the circle?
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How to Proceed

(1) Solve the pair of equations x? + y? =100
algebraically: x+y=2
(2) Solve the linear equation for y y=2-x
in terms of x:
(3) Substitute the resulting expression x>+ (2 - x)>=100
for y in the equation of the circle:
(4) Square the binomial: X2+ 4 — dx + x* =100
(5) Write the equation in standard form: 2x* —4x — 96 =0
(6) Divide by the common factor, 2: X2 —2x —48=0
(7) Factor the quadratic equation: (x—=8)x+6)=0
(8) Set each factor equal to zero: x—8=0 x+6=0
(9) Solve each equation for x: x=28 x=-6
(10) For each value of x find the y=2—-x | y=2—-x
corresponding value of y: y=2-81| y=2-(-6)
y=—6 y=
A
(-6:8)

A
Ql —

The common solutions are (8, —6) and (—6, 8). The line intersects the circle
in two points and is therefore a secant. In the diagram, the circle is drawn with
its center at the origin and radius 10. The line y = 2 — x is drawn with a y-inter-
cept of 2 and a slope of — 1. The line intersects the circle at (8, —6) and (-6, 8).
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EXAMPLE |

Solution

Answer

EXAMPLE 2

Find the coordinates of the points at which the line y = 2x — 1 intersects a cir-

cle with center at (0, —1) and radius of length V2.

In the equation (x — h)> + (y — k)> =r’,leth =0,k = —1,and r = \/20. The
equation of the circle is:

(x =02+ (v — (-3 = (V20> or 22+ (y+1)7=20.

Find the common solution of x> + (y + 1)> =20 and y = 2x — 1.

(1) The linear equation is solved for y 2+ (y+1)2=20
in terms of x. Substitute, in the X+ 2x—-1+1)%2=20
equation of the circle, the expression 2+ (2x)2 =20

for y and simplify the result.

(2) Square the monomial: X2+ 4x7 =20
(3) Write the equation in standard form: 502 —-20=0
(4) Divide by the common factor, 5: —-4=0

(5) Factor the left side of the equation: (x—=2)(x+2)=0

(6) Set each factor equal to zero: x—2= x+2=0
(7) Solve each equation for x: x = x=-2
(8) For each value of x find the y=2x—1 y=2x—1
corresponding value of y: y=22) -1 y=2(-2) -1
y=3 y=-5

The coordinates of the points of intersection are (2,3) and (-2, —5).

The line x + y = 2 intersects the circle x> + y?> = 100 at A(8, —6) and B(—6, 8).

The line y = 10 is tangent to the circle at C(0, 10).

a. Find the coordinates of P, the point of intersection of the secant x + y = 2

and the tangent y = 10.
b. Show that PC? = (PA)(PB).
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X VA
(=8,10)

(-6:8)

A
Ql —

Solution  a. Use substitution to find the intersection: If x + y = 2 and y = 10, then
x + 10 = 2 and x = —8.The coordinates of P are (=8, 10).

b. Use the distance formula, d = \/(x2 - x)* + (y, — y,)% to find the
lengths of PC, PA, and PB.

PA = V(-8 —8)2 + (10 — (—=6))> PB = V(-8 — (—=6))> + (10 — 8)>

— /256 + 256 — V4 +4
= V256\/2 = Va2
= 16V2 =22
PC = V(=8 — 0) + (10 — 10)>
— V64 + 0
-8

Then:

PC? = § and (PA)(PB) = (16V2)(2V2)
= 64 = (32)(2)
= 64
Therefore, PC?> = (PA)(PB). -
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Exercises
Writing About Mathematics

1. Ron said that if the x-coordinate of the center of a circle is equal to the length of the radius
of the circle, then the y-axis is tangent to the circle. Do you agree with Ron? Explain why or
why not.

2. At A, AB intersects a circle with center at C. The slope of AB is m and the slope of CA is

>
—m.Is AB tangent to the circle? Explain your answer.

Developing Skills

In 3-14: a. Find the coordinates of the points of intersection of the circle and the line. b. Is the line
a secant or a tangent to the circle?

3. x>+ y? =36 4. x> + y> =100 5.x>+y>=25
y=26 x+y=14 x+y=7

6. x> +y> =10 7.2 +y*=9 8.2 +y?=38
y =3x y=x-—-3 xX=y

9. x>+ y> =25 10. x> + y?> = 20 11 x> + y> =18

y=x—1 x+y=6 y=x+6

12. X2 + y> =50 13. 2 + y? = 14. >+ (y+2)2=4

x+y=10 x+y=4 y=x—4

In 15-18, write an equation of the line tangent to the given circle at the given point.
15. x? + y?> = 9 at (0, 3)
16. x> + y> = 16 at (—4,0)
17. x> + y? = 8 at (2, -2)
18. x?> + y> = 20 at (4, —-2)
Applying Skills
19. a. Write an equation of the secant that intersects x> + y? = 25 at A(3,4) and B(0, —5).
b. Write an equation of the secant that intersects x> + y> = 25 at D(0, 5) and E(0, —5).
¢. Find the coordinates of P, the intersection of :ﬁ and <D_I)E .

d. Show that (PA)(PB) = (PD)(PE).

20. a. Write an equation of the secant that intersects x> + y*> = 100 at A(6, 8) and B(—8, —6).
b. Write an equation of the tangent to x> + y> = 100 at D(0, 10).
c¢. Find the coordinates of P, the intersection of :@ and the tangent line at D.
d. Show that (PA)(PB) = (PD)>.
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21. a. Write an equation of the tangent to x> + y?> = 18 at A(3, 3).
b. Write an equation of the tangent to x> + y> = 18 at B(3, —3).

¢. Find the point P at which the tangent to x> + y?> = 18 at A intersects the tangent to
x>+ y>=18 at B.

d. Show that PA = PB.

22. Show that the line whose equation is x + 2y = 10 is tangent to the circle whose equation is
X2+ y? = 20.

23. a. Show that the points A(—1,7) and B(5,7) lie on a circle whose radius is 5 and whose cen-
ter is at (2, 3).
b. What is the distance from the center of the circle to the chord AB ?
24. Triangle ABC has vertices A(—7, 10), B(2, —2), and C(2, 10).

a. Find the coordinates of the points where the circle with equation (x + 1) + (y — 7)> =9
intersects the sides of the triangle.

b. Show that the sides of the triangle are tangent to the circle.

c. Is the circle inscribed in the triangle? Explain.

|CHAPTER SUMMARY

Definitions  * A circle is the set of all points in a plane that are equidistant from a fixed
to Know point of the plane called the center of the circle.

* A radius of a circle (plural, radii) is a line segment from the center of the
circle to any point of the circle.

e A central angle of a circle is an angle whose vertex is the center of the circle.
e An arc of a circle is the part of the circle between two points on the circle.

e An arc of a circle is called an intercepted arc, or an arc intercepted by an
angle, if each endpoint of the arc is on a different ray of the angle and the
other points of the arc are in the interior of the angle.

e The degree measure of an arc is equal to the measure of the central angle
that intercepts the arc.

e Congruent circles are circles with congruent radii.

e Congruent arcs are arcs of the same circle or of congruent circles that are
equal in measure.

e A chord of a circle is a line segment whose endpoints are points of the circle.

e A diameter of a circle is a chord that has the center of the circle as one of
its points.

e An inscribed angle of a circle is an angle whose vertex is on the circle and
whose sides contain chords of the circle.
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Postulates

Theorems and
Corollaries

e A tangent to a circle is a line in the plane of the circle that intersects the
circle in one and only one point.

e A secant of a circle is a line that intersects the circle in two points.

e A common tangent is a line that is tangent to each of two circles.

e A tangent segment is a segment of a tangent line, one of whose endpoints
is the point of tangency.

13.1

13.2

13.1

13.2

13.3

134

13.5
13.5a

13.6

13.7

13.8

13.9

13.9a
13.9b

13.10

13.11

13.11a

13.11b

If AB and BC are two arcs of the same circle havmg a common end-
pomt and no other pomts in common, then AB + BC = ABC and

mAB + mBC = mABC. (Arc Addition Postulate)
At a given point on a given circle, one and only one line can be drawn
that is tangent to the circle.

All radii of the same circle are congruent.

In a circle or in congruent circles, central angles are congruent if and
only if their intercepted arcs are congruent.

In a circle or in congruent circles, two chords are congruent if and only
if their central angles are congruent.

In a circle or in congruent circles, two chords are congruent if and only
if their arcs are congruent.

A diameter perpendicular to a chord bisects the chord and its arcs.

A line through the center of a circle that is perpendicular to a chord
bisects the chord and its arcs.

The perpendicular bisector of the chord of a circle contains the center of
the circle.

Two chords are equidistant from the center of a circle if and only if the
chords are congruent.

In a circle, if the lengths of two chords are unequal, the shorter chord is
farther from the center.

The measure of an inscribed angle of a circle is equal to one-half the
measure of its intercepted arc.

An angle inscribed in a semicircle is a right angle.

If two inscribed angles of a circle intercept the same arc, then they are
congruent.

A line is tangent to a circle if and only if it is perpendicular to a radius
at its point of intersection with the circle.

Tangent segments drawn to a circle from an external point are congru-
ent.

If two tangents are drawn to a circle from an external point, then the line
segment from the center of the circle to the external point bisects the
angle formed by the tangents.

If two tangents are drawn to a circle from an external point, then the line
segment from the center of the circle to the external point bisects the
angle whose vertex is the center of the circle and whose rays are the two
radii drawn to the points of tangency.
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13.13
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13.15

13.16
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The measure of an angle formed by a tangent and a chord that intersect
at the point of tangency is equal to one-half the measure of the inter-
cepted arc.

The measure of an angle formed by two chords intersecting within a cir-
cle is equal to one-half the sum of the measures of the arcs intercepted
by the angle and its vertical angle.

The measure of an angle formed by a tangent and a secant, two secants,
or two tangents intersecting outside the circle is equal to one-half the
difference of the measures of the intercepted arcs.

If two chords intersect within a circle, the product of the measures of the
segments of one chord is equal to the product of the measures of the
segments of the other.

If a tangent and a secant are drawn to a circle from an external point,
then the square of the length of the tangent segment is equal to the
product of the lengths of the secant segment and its external segment.
If a tangent and a secant are drawn to a circle from an external point,
then the length of the tangent segment is the mean proportional
between the lengths of the secant segment and its external segment.

If two secant segments are drawn to a circle from an external point, then
the product of the lengths of one secant segment and its external seg-
ment is equal to the product of the lengths of the other secant segment
and its external segment.

Type of Angle Degree Measure Example

Central Angle The measure of a central angle is equal

SV

to the measure of its intercepted arc.

N

mZ | =m74§

Inscribed Angle | The measure of an inscribed angle is B

equal to one-half the measure of its
intercepted arc.

N

mZl = %mKE

(Continued)
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Formulas (Continued)

Type of Angle Degree Measure Example
Formed by a The measure of an angle A
Tangent and a | formed by a tangent and a
Chord chord that intersect at the

point of tangency is equal to

one-half the measure of the

intercepted arc. B

msl = %ml\%

Formed by Two
Intersecting
Chords

The measure of an angle
formed by two intersecting
chords is equal to one-half
the sum of the measures of
the arcs intercepted by the
angle and its vertical angle.

mZ|

D A
B
C

= %(mAAB + m?D)

m/2 = %(mA\B + m&\D)

Formed by
Tangents and
Secants

The measure of an angle
formed by a tangent and a
secant, two secants, or two
tangents intersecting outside
the circle is equal to
one-half the difference of
the measures of the
intercepted arcs.

J
)

mZ|
mZ/2

mZz3

%(m@ — mAC)
%(m@ - m?D)
%(mKE\B - mA/B)
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Formulas (Continued)

Type of Segment Length Example
Formed by Two If two chords intersect, the

Intersecting product of the measures of the

Chords segments of one chord is equal

C
to the product of the measures B
of the segments of the other.

(P

(AE)(EB) = (CE)(ED)

Formed by a If a tangent and a secant are
Tangent drawn to a circle from an A
Intersecting external point, then the square of
a Secant the length of the tangent segment A
is equal to the product of the ¢ B P
lengths of the secant segment
and its external segment. (PA)? = (PC)(PB)
Formed by Two If two secant segments are P
Intersecting drawn to a circle from an A
Secants external point, then the product , C
of the lengths of one secant B
segment and its external segment
is equal to the product of the D

lengths of the other secant
segment and its external segment. (PB)(PA) = (PD)(PC)

The equation of a circle with radius r and center (4, k) is

x—h?>*+@-k?>=r?

|VOCABULARY

13-1 Circle e Center ® Radius e Interior of a circle ® Exterior of a circle ®
Central angle of a circle ® Arc of a circle ® Minor arc ® Major arc ®
Semicircle ® Intercepted arc ® Degree measure of an arc ® Congruent
circles ® Congruent arcs

13-2 Chord ¢ Diameter ® Apothem ® Inscribed polygon ® Circumscribed
circle

13-3 Inscribed angle
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13-4 Tangent to a circle ® Secant of a circle ® Common tangent ® Common
internal tangent ® Common external tangent ® Tangent externally
Tangent internally ® Tangent segment ® Circumscribed polygon e
Inscribed circle ® Center of a regular polygon

13-6 External segment

13-7 Center-radius equation of a circle

| REVIEW EXERCISES

In 1-6, PA is a tangent and PBC is a secant D_A P
to circle O. Chords AC and BD intersect at \
. . B
1. If mAB = 80,mBC = 120, and ‘
mCD = 100, find: C

a. m/ PAC b. mzZCBD c. m/LAPC d.m/DEC e. m/LAED

2. If m/C = 50,m£DBC = 55, and m/Z PAC = 100, find:
a. mAfl\3 b. mCT) c. m/BEC d. m/P e. mBZ’

3. If m/ CEB = 80, mBC = 120, and mAB = 70, find:
a.mAD b. mCD ¢.m/CBD d.m/P e. m/ PAC

4. If AP = 12 and PC = 24, find PB and BC.

S.If PB =5 and BC = 15, find AP.

6. If AC=11,DE =2,EB = 12,and AE < EC, find AE and EC.

7. Tangent segment P A and secant seg- A e

ment PBC are drawn to circle O. If
PB = 8 and BC = 10, PA is equal to
(1) 12 (3) 80
(2) 4V'5 (4) 144

8. The equation of a circle with center at
(—2,4) and radius of length 3 is
(1) (r =27 + (v =4y =9
@ (=2 + (5 + 4P =9
(3) (r + 20 +(y = 42 =9
2)(x+22+(y+4)?2=9

9. Two tangents that intersect at P intercept a major arc of 240° on the circle.
What is the measure of £ P?

C

10. A chord that is 24 centimeters long is 9 centimeters from the center of a
circle. What is the measure of the radius of the circle?



11.

12.

13.
14.

15.

16.

17.

18.
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Two circles, O and O’, are tangent
externally at P, OP = 5, and

O'P = 3. Segment ABC is tangent A
to circle O’ at B and to circle O at

C, AO'O intersects circle O’ at D

and P, and circle O at P. If

AD = 2, find AB and AC.

Isosceles AABC is inscribed in a circle. If the measure of the vertex angle,
£ A, is 20 degrees less than twice the measure of each of the base angles,
find the measures of AB, BC, and CA.

Prove that a trapezoid inscribed in a circle is isosceles.
In circle O, chords AB and CD are parallel and

AD intersects BC at E. ’
a. Prove that AABE and ACDE are isosceles tri- A

angles.

. Py D
b. Prove that AC = BD. y

¢. Prove that AABE ~ ACDE. C

B

Prove that if A, B, C, and D separate a circle into four congruent arcs,
then quadrilateral ABCD is a square.

Prove, using a circumscribed circle, that the midpoint of the hypotenuse of
a right triangle is equidistant from the vertices of the triangle.

Secant segments PAB and PCD are B ~FN\A

drawn to circle O. If PAB = PCD, 7 P
prove that AB and CD are equidistant

from the center of the circle. D a (&

An equilateral triangle is inscribed in a

circle whose radius measures 12 centimeters. How far from the center of
the circle is the centroid of the
triangle?

Exploration

A regular polygon can be constructed by constructing the congruent isosceles
triangles into which it can be divided. The measure of each base angle of the
isosceles triangles is one-half the measure of an interior angle of the polygon.
However, the interior angles of many regular polygons are not angles that can
be constructed using compass and straightedge. For example, a regular polygon
with nine sides has angles that measure 140 degrees. Each of the nine isosceles
triangles of this polygon has base angles of 70 degrees which cannot be con-
structed with straightedge and compass.
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In this exploration, we will construct a regular triangle (equilateral triangle),

a regular hexagon, a regular quadrilateral (a square), a regular octagon, and a
regular dodecagon (a polygon with 12 sides) inscribed in a circle.

a.

Explain how a compass and a straightedge can be used to construct an equi-
lateral triangle. Prove that your construction is valid.

. Explain how the construction in part a can be used to construct a regular

hexagon. Prove that your construction is valid.

. Explain how a square, that is, a regular quadrilateral, can be inscribed in a

circle using only a compass and a straightedge. (Hint: What is true about the
diagonals of a square?) Prove that your construction is valid.

. Bisect the arcs determined by the chords that are sides of the square from

the construction in part c. Join the endpoints of the chords that are formed
to draw a regular octagon. Prove that this construction is valid.

. A regular octagon can also be constructed by constructing eight isosceles

triangles. The interior angles of a regular octagon measure 135 degrees.
Bisect a right angle to construct an angle of 45 degrees. The complement of
that angle is an angle of 135 degrees. Bisect this angle to construct the base
angle of the isosceles triangles needed to construct a regular octagon.

. Explain how a regular hexagon can be inscribed in a circle using only a com-

pass and a straightedge. (Hint: Recall how a regular polygon can be divided
into congruent isosceles triangles.)

. Bisect the arcs determined by the chords that are sides of the hexagon from

part f to draw a regular dodecagon.

. A regular dodecagon can also be constructed by constructing twelve isosce-

les triangles. The interior angles of a regular dodecagon measure 150
degrees. Bisect a 60-degree angle to construct an angle of 30 degrees. The
complement of that angle is an angle of 150 degrees. Bisect this angle to con-
struct the base angle of the isosceles triangles needed to construct a regular
dodecagon.

CUMULATIVE REVIEW Chapters 1-13

Part [

Answer all questions in this part. Each correct answer will receive 2 credits. No
partial credit will be allowed.

1.

The measure of £ A is 12 degrees more than twice the measure of its com-
plement. The measure of £ A is

(1)26 (2) 39 (3) 64 (4) 124
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. The coordinates of the midpoint of a line segment with endpoints at (4,9)
and (=2, 15) are
(1) (1,12) (2)(3,-3) (3) (2,24) (4) (6, -6)

. What is the slope of a line that is perpendicular to the line whose equation
is2x +y=8?
(1) -2 )2 (3) 3 @3

. The altitude to the hypotenuse of a right triangle separates the hypotenuse

into segments of length 6 and 12. The measure of the altitude is

(1) 18 ) 3\V2 3) 6V2 4) 6\/3
5. The diagonals of a quadrilateral bisect each other. The quadrilateral can-
not be a
(1) trapezoid (2) rectangle (3) rhombus (4) square
6. Two triangles, AABC and ADEF, are similar. If AB = 12, DE = 18, and
the perimeter of AABC is 36, then the perimeter of ADEF is
(1) 24 (2) 42 (3) 54 (4) 162
7. Which of the following do not always lie in the same plane?
(1) two points (3) two lines
(2) three points (4) a line and a point not on the line
8. At A, the measure of an exterior angle of AABC is 110 degrees. If the
measure of £ B is 45 degrees, what is the measure of £ C?
(1) 55 (2) 65 (3)70 (4) 135
9. Under the composition r . ° T, ;, what are the coordinates of the image
of A(3, —5)?
1 G,2) () (=5,-2) (3) (5,8) 4 (-1,-2)
10. In the dlagram AB I CD and EF
intersects AB at E and CD at F. If ) - /;
m/ AEF is represented by 3x and
m/ CFE is represented by 2x + 20, /
what is the value of x? ¢ L D

1) 4 (3) 32
) 12 (4) 96 /
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Part II

Answer all questions in this part. Each correct answer will receive 2 credits.
Clearly indicate the necessary steps, including appropriate formula substitu-
tions, diagrams, graphs, charts, etc. For all questions in this part, a correct numer-
ical answer with no work shown will receive only 1 credit.

11. The coordinates of the vertices of AABC are A(8,0), B(—4,4), and
C(0, —4).

a. Find the coordinates of D, the midpoint of AB.

b. Find the coordinates of E, the midpoint of BC.

c. Is DE || AC ? Justify your answer.

d. Are AABC and ADBE similar triangles? Justify your answer.

12. ABCD is a quadrilateral, AC = BD and AC and BD bisect each other at
E. Prove that ABCD is a rectangle.

Part III

Answer all questions in this part. Each correct answer will receive 4 credits.
Clearly indicate the necessary steps, including appropriate formula substitu-
tions, diagrams, graphs, charts, etc. For all questions in this part, a correct numer-
ical answer with no work shown will receive only 1 credit.

13. In the diagram, AB and CD inter-
sect at £ in plane p, ﬁ? 1 :@, and
EF L CD.IfEA = EC, prove that
FA = FC.

14. The length of the hypotenuse of a right triangle is 2 more than the length
of the longer leg. The length of the shorter leg is 7 less than the length of
the longer leg. Find the lengths of the sides of the right triangle.

Part IV

Answer all questions in this part. Each correct answer will receive 6 credits.
Clearly indicate the necessary steps, including appropriate formula substitu-
tions, diagrams, graphs, charts, etc. For all questions in this part, a correct numer-
ical answer with no work shown will receive only 1 credit.
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15. a. Find the coordinates of A’, the image of A(S5, 2) under the composition
R90 ° ry=x'
b. What single transformation is equivalent to Ry, o r,_ . ?

¢. Is Ry, o r,_, adirect isometry? Justify your answer.

16. In the diagram, D is a point on ADC such A B
that AD : DC = 1:3, and E is a point on
BEC such that BE : EC =1 :3. D E

a. Show that AC : DC = BC : EC.
b. Prove that AABC ~ ADEC.
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